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Prefatory  Remarks  Concerning  This  Translation 


This  paper  is  a  translation  from  German  of  the  second  and  .third  of  the  se¬ 
ries  "Stationary  stochastic  point  processes  1,  II  and  III",  written  respec¬ 
tively  by  K.  Matthes;  J.  Kerstan  and  K.  Matches;  P.  Franken,  A.  Liemant  and 
K.  Matthes  in  Deutsche  Math.  Vereinigung ,  Vols  66,  67.  (A  list  of  contents  of 
the  three  papers  appears  below.)  Part  I  has  been  translated  previously  by 
R.  J.  Serfling  (Statistics  Report  M190,  Florida  State  University). 

The  present  translation  of  Parts  II  and  III  was  done  by  C.  E.  Jeffcoat, 
University  of  North  Carolina,  and  D.  J.  Daley  of  the  Australian  National 
University.  In  particular.  Dr.  Daley  has  added  footnotes  where  clarification 
seemed  desirable.  The  notation  of  Serfling  has  been  used  -  in  replacing 
Gothic  letters  by  script. 

It  should  be  remarked  that  these  papers  are  of  unquestionable  importance 
in  the  Point  Process  literature.  They  treat  a  point  process  in  the  main  as  a 
special  case  of  a  marked  point  process.  This  gives  a  very  useful  and  general 
framework,  which  does,  of  course,  involve  some  notational  complexity  due  to  the 
"mark"  structure.  This  notation  can  be  simplified  when  marks  are  not  relevant. 

The  numbering  of  the  references  and  chapters  carries  throughout  the  three- 
part  series,  which  is  comprised  of  the  following  chapters: 

Part  I.  (by  K.  Matthes)  66,  66-79. 

1 .  Foundations 

2.  Intensity  and  Palm  distribution 

3.  Stationary  Poisson  point  processes. 

Part  II.  (by  J.  Kerstan  and  K.  Matthes)  66,  106-118. 

4.  Stationary  infinitely  divisible  distributions 

5.  Regular  and  singular  infinitely  divisible  distributions. 


Hi 

Part  III.  (by  ?.  Frccriken,  A.  Liemant  and  K.  Matthea)  67,  183-202. 

a. 

6.  A  new  approach  to  P  _ 

A 

7.  Palm  distributions  in  a  generalized  sense 

8.  The  distributions  (P)q 

9.  Generalization  of  a  result  of  Palm  and  Khinchin- 

10.  Limit  distributions  for  infinitesimal  arrays  of  stationary  renewal 
processes 

11.  Some  relations  between  P  and  PT . 
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Stationary  Stochastic  Point  Processes,  II* 

Johannes  Kerstan  and  Klaus  Matthes 


4.  Stationary  infinitely  divisible  distributions 


Let  denote  the  smallest  o-algebra  of  subsets  of  with  respect 

to  which  the  mapping1  $  - •>  N($n(IxL))  is  measurable  for  all  intervals  I 

contained  in  [-k,k)  and  all  L  in  K.  We  say  that  [K,K]  has  Property  (a) 
when  the  following  is  true: 

(a)  If  a  finite  measure  U  is  defined  on  each  such  that  ^„U  is 

an  extension  of  k,U  whenever  k"  >  k',  then  there  exists  a  com¬ 
mon  extension  of  the  ^U's  to  a  measure  U  on 

U  is  uniquely  determined  by  the  ,  U’s  because  the  algebra 
generates  M^. 

Property  (a)  imposes  no  severe  restrictions  on  [K,K].  It  is  certainly 
satisfied  if  K  is  countable  and  K  is  the  family  of  all  subsets  of  K,  or 
if  K  *  Rn  and  K  consists  of  the  Borel  subsets  of  Rn. 

In  this  and  the  three  subsequent  chapters,  we  assume  there  is  given  a 
fixed  mark  space  [K,K]  with  Property  (a).  We  define  a  stationary  distri¬ 
bution  P  on  to  be  infinitely  divisible  if  there  exist  finite  sequences 

P  ,,...,P  of  stationary  distributions  on  such  that 

n,l  n,sn  7  K 


(1) 


*  P 

n,sn 


) 


P 


Station'Are  zufailige  Punktfolgen,  II.  Jber.  Ceutsah.  Math. -Verein.  66 
(1964)  106-118.  Part  I  in  same  J.  66  (1963)  66-79. 

1  Always  here,  N(*)  *  card(«)  -  (German)  Ang  (•)• 
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and 

(2)  for  all  positive  t,  e  there  exists  n  such  that  for  all 

t  ,E 

n  2  n  , 
t,£ 

max  P  ,  (4>n((0,t)  x  K)  j  <£)  <  e. 

1  <;  i  s  s  n,i 
n 

From  this  definition  it  follows  immediately  that  the  convolution  P^  *  P2 
of  stationary  infinitely  divisible  P  ,  P2  is  also  stationary  infinitely 
divisible.  Also,  if  P  is  stationary  and  for  every  positive  integer  n  there 
exists  Un  stationary  with  (U^)11  s  then  for  all  positive  t 

U  ($  n  ((0,t)  x  k)  i  4>)  0  (n  -*■  ®) 

n 

and  P  is  infinitely  divisible. 

For  all  stationary  distributions  S  on  and  all  X  >  0  we  define 

the  stationary  distribution  g  by 

00  m 

E  ■  «p<-»  IJf!‘ 

’  m=0 

where  we  define  *  S  .  Then 

<P 

EX1,S1  *  EX2,S2  “  EA1+A2,(X1S1+X2S2)/(X1+X2) 

and,  in  particular,  "  EX  S'  ThuS  every  Ea  S  iS  inflnitely 

divisible. 

Observe  that  E,  _  «  6.  if  and  only  if  S  *  6  .  For  S  f  S,  we  have 
A  ,S  ?  ♦  v 

by  1-2  the  relation 

EA,S  *  EAS(Tft),S(*|l£)‘ 

We  now  give  a  simple  model  from  which  a  second  class  of  stationary  infi¬ 
nitely  divisible  P’s  can  be  derived. 


3 


Let  Q  be  any  distribution  on  and  X  >  0.  Let  4>eM'  have  the 

Poisson  distribution  and  let  each  (-«  <  n  <  ®)  have  the  distri¬ 

bution  Q.  Further  suppose  the  f^'s  to  be  ®utually  independent  and  indepen¬ 
dent  of  *.  For  $  =  set2 

X  *  u  T  ¥ .  . 

-»  <  i  <  »  “xi  1 

In  this  way  each  x,  £$  defines  a  cluster  ("Schauer")  T  ¥.  and  x 
i  1 

consists  of  the  superposition  of  all  the  clusters. 

Clearly  the  mapping  ^  <<B1  -*■  N(xn(I*L))  is  measurable  for  all 

LeK  and  all  bounded  intervals  I,  where,  of  course,  the  value  +®>  is 
allowed.  Our  construction  leads  to  with  probability  one  precisely  when 

for  all  bounded  I,  N(xn(IxK))  <  “  with  probability  one.  On  account  of  the 
stationarity  of  P  it  is  enough  to  verify  this  condition  for  some  non-empty 
I.  Observe  that  then  the  distribution  of  X  is  stationary;  denote  it  by 

PX,Q‘ 

For  every  bounded  interval  I,  Q(¥n(I+x)  *  K)  4  ♦)  is  a  measurable  non¬ 
negative  function  of  x.  If  it  has  a  finite  integral  for  some  non-empty 
bounded  I  then  the  same  is  true  for  every  bounded  interval.  By  the  Borel- 
Cantelli  lemma,  it  follows  (cf.  [27J)  that 

4.1.  P  n  ia  defined  if  and  only  if  [  Q(¥n((I+x)*K)  i*  d>) dx  <  ■». 

Hence  Q(il(¥)  <  »)  *  1  is  a  necessary  but  not  sufficient  condition. 

For  Q  *  6  ,  and  only  in  this  case,  P.  n  «  6  .  On  the  basis  of  the  first 
9  9 

3 

invariance  property  of  the  Poisson  distribution  given  in  Chapter  3,  we  have  the 


Tc$  is  defined  in  1.1. 

This  is  a  reference  to  53.3. 
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relation  for  Q  4  5, 

P*,Q  '  PX\QC-N«  “here  »'  ‘ 

Now  let  CKV?^)  =  1.  Then  with  probability  one  y  has  the  form 

{ [Zukf] , . . . ,  [’n'^n]}  w*th  zi  <  •••  <  zn-  Let  Q*  denote  the  distribution 

of  V*  =  T  y.  Then  clearly 
Z1 

Q*(y*n((-« >,0)xK)  4  <?)  =  0  and4  Q*(y*h({0}xK)  4  <P)  =  1. 


On  the  basis  of  a  sharper  form  (see  6.2)  of  the  second  invariance  property  of 
P^  given  in  Chapter  3,  we  have 

P  =  p 

X,Q  a ,Q*‘ 

We  can,  therefore,  restrict  the  above  model  without  loss  of  generality  by  re¬ 
quiring  that  the  clusters  be  subject  to  the  causality  principle5  and  that  the 
observed  reaction  to  an  impulse  occurring  at  time  t  begin  immediately  at  t. 

Since  Pai,Q1*PX2,Q2  "  PXj+X2 ,  (X^+X^) /(Xj+X2)  ’  (PX/n,Q)  “  PX,Q‘ 

Thus  every  P.  n  is  infinitely  divisible. 

A  ,  V 

Each  E  -  can  be  represented  as  the  limit  of  a  weakly  convergent  se- 

A  j  D 

quence  of  distributions  of  the  form  P  .  For  let  S  be  an  arbitrary  sta- 

X  ,0 

tionary  distribution  on  and  X  >  0.  If  now  we  denote  by  the  distri¬ 

bution  of  Yfi((0,n)*K)  induced  by  S,  then 


4.2. 


PX/n,Sn  ^  EX,S 


(n  -*■  ®) . 


We  now  return  to  the  general  theory.  Let  P  be  a  stationary  infinitely 
divisible  distribution  on  M^.  For  all  finite  sequences5  I  =  (1^,...,^), 

The  original  has  0*(y*n({0}xK)=(|>)  =  1. 

5 

i.e.,  the  Poisson  process  triggers  a  cluster  in  which  all  events  (=  points) 
occur  on  or  after  the  triggering  event. 

f  The  notation  I  and  J,  seems  useful. 
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L  =  {L^,...,Ln}  of  bounded  intervals  1^  and  measurable  subsets  of  K, 

the  distribution  p_  of  the  vector  [N(ifn(l  xl  )) . N(tn(I  xL  ))]  is  in' 

1  i  li  X  1  U  II 

finitely  divisible  and  therefore 


°°  Am 

4.3.  p  has  the  representation  pT  =  exp(-X)  £  — r  *5  ■ 

m=0  m* 

In  4.3,  X  t  0  and  q  is  the  distribution  of  a  random  vector  with  non-nega¬ 
tive  integer-valued  components . 


For  p  6 

r  •  •  • 


to , ... ,o] 


the  representation  4.3  is  uniquely  determined  by 


Che  requirement  that  q({ [0 , . . . ,0] })  =  0.  We  then  set  X  *  X^.^  and  q 


q,  .  If  on  the  other  hand  p  _  =  6f 

q  =  6 


then  we  set  X  =  0  and 


[0,...,0]’ 

Set  q...  *  q(tx})6x  where  x  runs  through  all  the  vectors  of  Rn 

with  non-negative  integer-valued  coordinates.  Then  p  Is  the  convolution 

*  *  * 

of 

-  <*.... x>“ 

p.;.;x  =  exp(-x.;..x)-iJ o-tr'— 6mx  where  As-;x  "  xs-  q-;*({x})- 

These  *....x  are  uniquely  determined  by  P.  Conversely  the  X>>i>x 
collectively  determine  V...  and  therefore  P.  In  the  convolution  of  sta¬ 


tionary  infinitely  divisible  distributions  the  corresponding  values  of  the 
X  's  are  added. 

•  •  •  •  V 
9  f  * 

From  the  X#>  .  's  we  now  use  an  extension  procedure  common  in  measure 
theory  to  derive  a  measure  which  will  be  of  considerable  assistance  in  studying 
the  structure  of  infinitely  divisible  distributions. 


4.4.  To  each  stationary  infinitely  divisible  distribution  P  on  M 
corresponds  exactly  one  (possibly  infinite)  measure  P  on  with  the 
properties 

(a)  for  all  finite  sequences  I  and  L  of  bounded  intervals  and 


K 
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measurable  subsets  of  K  respectively  and  all  non-null  vectors 
m  -  [m^, . . . .m^]  with  non-negative  integer-valued  coordinates 
P(N(xn(I1><Li))-nni,  i*l,...,n)  -  X  jm; 

(0)  P(4))  =  0; 

The  correspondence  P  -*•  P  gives  a  single-valued  invertible  mapping  of  the 
class  of  all  stationary  infinitely  divisible  distributions  on  onto  the 
class  of  those  measures  on  which  are  stationary  relative  to  T  and  in 

addition  to  (2)  have  the  property 

(y)  for  all  bounded  intervals  I  the  measure  of  lx:  xndxK)  + 
is  finite. 

Proof.  Let  H  denote  the  totality  of  those  subsets  of  XL  that  can  be 

put  in  the  form  1!  -  {$:  NCSnO^xL^))  =  n^,  i  =*  l,...,n}  with  [mj . tnj  f 

[0,...,0].  The  a-ring  generated  by  H  (cf.  [26],  §5)  contains  every  X  in 
with  the  property  4«tX.  In  this  proof,  we  call  a  function  Y  on  H 
W-finitely  additive  if  for  all  H  in  K 

Oo 

Y(H)  =  l  Y({$:  “  k>  n  H>- 

k*=0 

Let  P  be  a  stationary  distribution  on  for  which  each  of  the  vec¬ 

tors  [NC'fnCI^*!^))  >  i=l,...,n]  has  a  joint  distribution  of  the  form  4.3. 

Then  there  can  be  at  most  one  measure  P,  since  the  values  on  the  o-ring  gen¬ 
erated  by  H  are  uniquely  determined  by  (a)  and  hence  the  values  on  all  of 
are  uniquely  determined  because  of  (8).  It  is  easily  seen  from  the  defi¬ 
nition  of  the  X  's  that  the  equation  in  (a)  leads  to  a  set-function 
* ;  •  ;x 

H-finitely  additive.  Let  denote  the  ensemble  of  those  X  in  H  for 

which  I -,..., I  are  contained  in  f-k,k).  For  every  X  in  .H, 
x  n  k 

P (X)  »  P(M(4rt(Ii*Li))  -  m1,  i  -  1, . . . ,n) 

2  exp(-x  )  x..#  q. . .  ({jn})  -  e*P(-x...)  x.  , 

9  »  ♦  9  9 


i.e.  exp(A_  )P(X)  £  P(X),  and  hence  a  fortiori 

exp(x{_k  k);K)  P(X)  *  P(X). 

On  the  basis  of  this  inequality,  it  follows  that  the  H- finitely  additive 
set-function  induced  on  by  means  of  (a)  can  be  extended  in  exactly  one 

way  to  a  measure  on  the  c-ring  generated  by  For  k"  >  k', 

k„V  is  an  extension  of  k,V.  For  each  m  and  all  k  >  m  we  define  a  finite 
measure  on  by 


kQm^ ’ )  *  kV((*)n{x:  xo((-m,m)xK)  +  <(>}). 

For  k"  >  k' ,  .  „Q  is  an  extension  of  ,  ,Q  .  Because  of  property  (a) 

*  k  m  k'  m 

of  the  mark  space  [K,K]  the  (k  ■  m+l,nrt-2, . . .)  may  be  regarded  as  re¬ 

strictions  of  a  well-defined  finite  measure  Q  on  M„.  The  Q  are  mono- 

n  n  m 

tone  increasing  in  m.  Thus  tim  4  up  Q  is  a  measure  with  the  properties  (a) 

id  in 

and  (6). 

Thus  the  existence  of  P  is  established.  P  is  clearly  stationary  and 
because  of  (a)  satisfies  condition  (y). 

Let  H  be  defined  as  before  with  x  **  fntj,...,mn]  +  [0 . 0) .  Then 


P(H) 


»  Ol-L>’ 

p  CW>  -  exp(-»  )  I  ~=J—  (,  )«((,)). 

~  M  ffla  1 


m»l 

He  now  write  this  equation  in  another  form.  Set 

n 


PI-L(>>  *  F((-)n{X:  l  iKxna^L,))  *  0». 

i-1 

By  using  direct  products,  we  can  now  form  the  convolution  powers  of  the 


finite  measure  P  as  in  the  case  of  distributions.  Then  for  all  m  i  1 


8 


Thus  ve  obtain  (for  H  as  defined) 

(*>  P(K)  -  exp  -pf  l  N(Xn(I  xL  ))  4  o]  l  -±-  <?__)“  (H). 

4-1  11  JJ  n-1  m! 

Suppose  now  that  V  is  a  stationary  measure  on  satisfying  both  of 

conditions  (6)  and  (y).  Replacing  P  in  (*)  by  V  yields  an  H-finitely 
additive  set-function  Z.  For  all  H eH,  Z(H)  s  1.  If  He^H,  then 

P(B> 5  Ci  a-  (Vk,k>  *>“<«• 

Thus  for  all  k  a  measure  on  is  given.  For  k"  >  k' ,  k„Z' 

is  an  extension  of  ,  ,Z'.  We  now  set  ,2'  (•)  -  ,  Z  *  ((•  )n{4>n((-ut,m)xK)i*$}) 
ic  m  K 

and  thus  obtain  for  each  k  >  n  a  finite  measure  ,2'  on  ,  M„.  The  ,Z' 

km  k  K  km 

(k  -  nrt-1  ,w!-2 , . . . )  may  be  regarded  as  the  restrictions  of  some  Z'  on  M^. 

The  Z'  are  monotonic  increasing  with  m,  and  their  upper  limit  Z'  is  a 
in 

measure  on  with  the  property  Z'(Mj,)  £  1.  We  now  set 


Z'(X) 


for  $  i  X 


Z * (X)  +  (1-Z'(M^))  for  +  e  X, 


and  thus  obtain  a  stationary  distribution  P  on  which  for  all  HeH  is 

related  to  the  given  measure  V  by  (*).  Then  the  representation  4.3  is  valid 

generally  for  P,  and  P  -  V.  The  correspondence  P  P  thus  gives  a  one- 

one  mapping  of  the  set  of  those  stationary  P's  for  which  4.3  is  valid  onto 

the  set  of  all  stationary  V  with  the  properties  (6)  and  (y). 

It  remains  to  be  shown  that  P  is  infinitely  divisible  if  4.3  holds  generally. 
1 

For  this  we  set  V  «  —  P  and  denote  the  associated  distribution  by  Qn>  Since 
, _ I  ~  ~  n 

'Fl*?2  "  Pl+F2’  we  have  (Q^)  *  P.  From  the  existence  of  these  Qn's  how¬ 

ever  it  follows  that  P  is  infinitely  divisible.  This  completes  the  proof  of 
4.4. 
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For  X  >  0  and  S(M'K>  ■  1,  g  ■  XS.  In  this  case  therefore, 

<  ®.  Conversely,  let  P(j*  6^)  be  any  stationary  infinitely  divisible 

distribution  with  the  property  y  =  <  ®.  Then  E  _j~  “  P,  and  hence 

P  ■  E  From  this  we  see  the  validity  of* 

Y,Y-1P 

4.5.  A  stationary  infinitely  divisible  distribution  P  has  the  form 
s  with  X  >  0  and  S(M'K)  ■  1  if  and  only  if  P  4  <5^  and  PQ^)  <  “• 
Both  x  and  S  are  uniquely  determined  by  P  by  means  of  X  »  PCM^)  ccn^ 


If  a  sequence  (Pn>  of  stationary  infinitely  divisible  distributions  con¬ 
verges  weakly  to  P,  then  the  representation  4.3.  is  possible  for  P  in  gen¬ 
eral,  i.e.  P  is  also  infinitely  divisible.  The  X  -  values  nX 

•;,;x  • ;  •  ;x 

with  respect  to  P^  all  tend  to  the  corresponding  Xoi>,x's  with  respect  to 

n 

P.  Moreover,  Z.jc>m  ®  a®  °  "*■  00  for  every  bounded  interval  I 

uniformly  in  n.  On  account  of  the  convergence  of  nX  to  X  this 

• ;  •  ;x  ‘ j " >* 

relation  is  equivalent  to 


tail 
n  ■*  ® 


a 


Both  the  above  conditions  are  also  sufficient  for  the  convergence  to  P. 
In  other  words,  Pn^P  if  and  only  if  for  all  HeH,  Pn(H)  **  P(H)  and  more¬ 
over  for  all  bounded  intervals  I 


tim  P  (x  n  (IxK)  q>)  -  P(X  n  (I*K)  4  $). 
n  ■+■  • 

Using  known  results  on  the  distributions  of  sums  of  Independent  random 
vectors,  we  obtain  the  result 


*  Note  added  in  proof:  From  equation  (*)  we  have  a  further  characterization 
of  the  distributions  4.5'.  A  stationary  infinitely  divisible  distribu¬ 

tion  P  has  the  form  Ex,s’if  and  only  if  P  ({<♦>})  is  positive. 
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4.6.  Let  P  P  be  a  triangular  array  of  stationary  distributions 

n , i  n  v  s 

n 

on  satisfying  condition  (2)  of  the  definition  of  infinite  divisibility. 

Then  the  weak  convergence  of  (P  ,*...*  P  )  to  P  as  n  -*■  «  is  equi- 

n , l  n , 

valent  to  (E^  p  p  )  ■■*>  P. 

’  n,l  ’  n»sn 

A  distribution  P  is  stationary  and  infinitely  divisible  if  and  only  if 
it  can  be  represented  as  the  limit  of  a  weakly  convergent  sequence  of  distri¬ 


butions  of  the  form  g*  We  have  namely 


4.7.  For  all  stationary  infinitely  divisible  P,  En  pi/n  converges 
weakly  to  P  as  n  -*■  «. 


We  define  here  the  fractional  convolution  power  pa*  n  by  means  of 

'  ->m/n  _  m  ~ 
n 


5.  Regular  and  singular  infinitely  divisible  distributions 

We  call  a  stationary  infinitely  divisible  distribution  P  on  singu¬ 

lar  infinitely  divisible  if  for  every  t  >  0 

P(9  n  ((-t,t)xK)  i  <j>|$  n  (((-t-m,-t)  U  (t,t+m))  *  R)  *  ♦)  0  (m  •). 

This  definition  is  intuitively  clear  albeit  formally  complicated.  He 
shall  now  give  it  in  a  simple  abstract  form. 

Let  P  +  5,  be  stationary  and  infinitely  divisible.  Consider  the  vectors 

[N(9n((-t-m,-t)*K)),  K(4n((-t,t)xK)) ,  N(4n((t,t+m)xK))] . 

Let  r  denote  the  convolution  of  all  distributions 

exp(-X  )  I”  .  ((X  )m/ai)6  where  \  refers  to  the  three  intervals  m  the 

r  •;*  tm»0  *;x  mx  • 
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vector  just  given  and  x  runs  through  those  vectors  [m^.B^nij]  with  non- 
negative  Integer-valued  coordinates  for  which  m^  »  ■  0  and  dj  >  0.  Then 

it  follows  that 


l  X  -  P(x  n  (((-t-m,-t)u(t,t+m))  x  K)  -  <J>,  x  n  ((-t,t)  *  K)  +  $) 

i  X 


is  monotonically  decreasing  in  m.  Denote  the  convolution  of  the  remaining 


m 


«*  (X,.  ) 

Cxp(-X  )  l  - —  6  (y  *  [k1tk0>k_]  with  k,  +  k,  >  0) 

*  iy  m!  my  J  1  1*  2*  3  1  3 

by  s.  Then  p<  *  r*s.  The  conditional  probability  in  the  definition  above 
is  precisely  r(x  [0,0,0]).  This  tends  to  zero  as  m  -*•  <*>  if  and  only  if 
0  as  m  ».  Hence  we  have  the  following  characterization. 

5.1.  A  stationary  infinitely  divisible  distribution  P  on  is  singu¬ 
lar  infinitely  divisible  if  and  only  if  P(N(x)  <*»)*•  0. 


Every  E..  e  is  singular  infinitely  divisible:  for  S  *  6  we  have 

A  <J> 

E,  _  -  6.  and  for  S(M'_)  •  1  all  the  mass  of  E,  „  is  concentrated  on  M'„. 
A  (p  N  A,b  K. 

However,  not  all  singular  infinitely  divisible  P  necessarily  have  this  form. 

For  example,  the  convolution  P  of  E. ,  (n  ■  1,2,...)  is  singular  in- 

~  0=  1  /n>  1/n 

finitely  divisible  but  P  ■  7  ,  —  P- ,  is  no  longer  finite. 

u“x  n  x/n 

There  are  even  singular  infinitely  divisible  P  which  cannot  in  any  way 
be  expressed  in  the  form  P  ■  E^  g*H  with  S(M'K)  ■  1  and  H  singular  infi¬ 
nitely  divisible.  Distributions  of  this  type  can  be  constructed  in  the  fol¬ 
lowing  manner.  Let  F  be  a  distribution  function  with  the  properties 
F(0+)  *  0,  JgXdF(x)  ■  ».  Then  there  exists  no  stationary  renewal  process  Pp. 
However,  an  analogous  stationary  measure  Q^,  on  [M'K>  with  infinite 

total  mass  can  be  defined.  satisfies  conditions  (6)  and  (y).  All  of  its 
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mass  lies  on  the  measurable  subset 

(x:  tun  t'1  N (xn (0 , t) )  -  0}. 

t  +  «» 

A  stationary  infinitely  divisible  distribution  P  on  is  called 

regular  infinitely  divisible  if  the  conditional  distribution 

P(*]$  n  (((-n-m,-n)  u  (n,n+n))  *  K)  -  $) 

converges  weakly  to  P  as  m,n  -*•  “. 

We  shall  now  give  an  alternative  form  for  this  definition  also.  We  con¬ 
sider  the  vectors 

[N($n((-n-m,-n)*K)),  N(*n((-t ,t)*K)) ,  N(«n ((n,n+m)*K)) ] 

for  fixed  positive  t.  The  regular  infinite  divisibility  of  P  is  then  equi¬ 
valent  to  the  validity  of 

Lim  }*X  *  tun  P(0n(((-n-mf-n)u(n,n+m))*K)  ”  <t>,$n((-t,t)*K)  t  $) 

m,n  -*■  ®  ’ X  m,n  -*■  » 

-  P(*n((~t,t)*K)  i  *) 

for  all  t  >  0,  and  we  have 

5.2.  A  stationary  infinitely  divisible  distribution  P  on  is  regu¬ 
lar  infinitely  divisible  if  and  only  if  P(N(x)=®)  ■  0. 

From  5.1  and  5.2,  there  follows 

5.3.  Each  stationary  infinitely  divisible  distribution  P  on  can 

be  expressed  in  exactly  one  way  as  the  convolution  P^*P2  a  infi¬ 

nitely  divisible  stationary  with  a  singular  infinitely  divisible  Pj. 
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We  denote  the  measurable  subset  (xi  0  <  N(x)  <  of  Mj,  by  Each 

X  In  M*'  can  be  put  in  the  form  { (z, , k, ] . . , [z  ,k  ]}  with  z,  <...<  z  . 

lx  linn  in 

Set  *  M"i£.  Then  [  V , t ]  -*■  T_t'il  induces  a  one-one  measurable  (both 

ways)  mapping  of  the  direct  product  of 


"PJL/h,<!<W  *  h.Q<H>  <"*">• 


On  the  other  hand,  ^x/n  Q  ten^s  to  t^ie  measure  induced  on  by 

QxAp  where  u  denotes  Lebesgue  measure  on  B. .  Thus  we  have  determined  V 

1  A 

and  it  is  clear  that  all  V  are  regular  infinitely  divisible. 

A 

Now  suppose  that  we  are  given  a  stationary  measure  V  on  satis¬ 

fying  the  conditions  (3)  and  (y).  If  we  denote  the  corresponding  measure  on 
My8l  by  V ,  then  for  all  S  in  and  bounded  Borel  sets  B  we  have  a 

product  representation  V#(S*B)  *  G(S)y(B)  with  G(S)  <  ».  G  is  a  finite 
measure  on  We  have  V°  -  G*y  *  QxAp  with  A  -  G(H*£>  and  Q  •  y  G. 

Because  of  (y),  /QQ($n((I+x)xK)i<ij>)dx  <  Hence  we  obtain 
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5.4.  A  stationary  distribution  P  4  6^  on  is  regular  infinitely 
divisible  if  and  only  if  there  exist  X  >  0  and  a  distribution  Q  on 
with  the  property 

f  Q(*n((I+x)xK)  4  $) dx  <  « 

-*0 

such  that  P  *  q.  Both  X  and  Q  are  uniquely  determined  by  P. 

Let  and  denote  the  seta  of  infinite  for  which 

N(0n((-»,0)>‘K))  <  «  and  H(*n((0,“)xK))<  ®  respectively.  Both  sets  are  in¬ 
variant  with  respect  to  Tfc  and  are  contained  in  M^.  If  P(MrR)  >  0  for 
some  stationary  infinitely  divisible  P  then  we  can  proceed  to  a  new  distri- 
bution  S  with  S  ■  P((*)nM  and  apply  the  arguments  used  in  the  proof  of 

5.4.  But  these  lead  to  a  contradiction  because  the  corresponding  distribution 
Q  on  M'j,  then  cannot  satisfy  the  condition  J”Q(#n((I+x)xK)»lij>)dx  <  ®.  Hence 
we  have  P(KrK)®0.  Similarly  P(M^K)“0.  These  equations  enable  us  to  formu¬ 
late  the  basic  definitions  of  this  chapter  "one-sidedly": 

5.5.  An  infinitely  divisible  stationary  distribution  P  on  is  regu¬ 
lar  (resp.  singular)  infinitely  divisible  if  and  only  if 

P(*  |$n((-n-m,-n)  x  K)  *•  $)  P  as  m,n  -*■  ® 

(resp.,  for  all  t  >  0, 

P(4>n((0,t)  x  K)  4  +  0  as  m  *►  <*). 

The  Poisson  process  distributions  P^  are  all  regular  infinitely  divi¬ 
sible,  for  P.  ■  P,  .  for  X  >  0  and  P,  ■  6.  for  X  »  0.  On  account  of 
*  “{0}  *  * 

5.4  we  then  have  for  X  >  0  the  relations  F^(N(x)^l)  ■  0, 

P^(xn (0,t)^0)  ■  Xt. 
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Hence  a  sequence  {P  >  of  stationary  infinitely  divisible  distributions 
n 

converges  to  P^  if  and  only  if  for  all  t  >  0,  Pn(N(xn(0,t))>l)  -*■  0  and 

P  CH(xn(0t t))*l)  +  U  ss  n  -*•  ».  With  the  aid  of  4.6  we  now  obtain  (cf.  [25), 
& 

1281) 


5.6.  Suppose  given  a  triangular  array  Pfl  ^,...,Pq  3  of  stationary  dis¬ 
tributions  on  M  satisfying  condition  (2)  at  the  beginning  of  Chapter  4.  Then 
(P  *...*P  )  -»  P.  if  and  only  if  for  all  t  >  0, 

A 

S 

n 

lim  l  P  .(N(xn(0,t»  >1)  -  0, 

n  ^  co  i-i  n»i 
8 

n 

tun  l  v  .(B(xn(o,t))  -  1)  -  At. 

n  +  «i*l  11,1 


Stationary  Stochastic  Point  Processes.  II P 

P.  Franken,  A.  Liemant  and  K.  Matthea 


6.  A  new  approach  to  rP. 


We  begin  with  a  generalization  of  the  construction  of  P.  _  given  in 

a 

Chapter  4. 

Let  there  be  given  a  random  mapping  from  keK  to  a  cluster  ¥  with  marks 
in  l.e.  with  each  keK  there  is  associated  a  distribution  on 

M^f  such  that  for  all  CeU^,  the  real  function  is  measurable  with 

respect  to  K.  We  shall  assume  that  the  marks  of  all  marked  points  [x,k]  of 
4eMR  generate  clusters  ¥jx  kj  distributed  independently  according  to  Q^. 
Let  G^  denote  the  measurable  set  of  those  4  for  which  with  probability  one 
the  sets  0jx  of  positions  of  elements  of  X_x'i'^x  are  pairwise  dis¬ 
joint.  By  G 2  we  denote  the  measurable  set  of  those  4  for  which,  with 
probability  one,  every  bounded  interval  contains  only  finitely  many  positions 
of  elements  of  X^  ■  u^x  T_xYjx  •  Clearly  if  4^,42  €  G2’  t^ien  G2 
contains  4jU42  If  *lu42eMK'  G  "  G^nGj.  If  4eG,  then  G  also  con¬ 

tains  all  subsets  of  4. 

For  4eG  denote  the  distribution  of  the  marked  point  process  by 

.  Then  for  all  XeM^,  the  real  function  P^.j(X)  defined  on  GeM^  is 

measurable  with  respect  to  M^,  so  we  can  associate  with  every  measure  V  on 

satisfying  the  condition  V(G)  >  0  a  measure  Vn  on  AT,,  by  means  of 
K  Q(  )  K 

V  «  '  1  FW)  «)»(*)• 


Jcthr.  Deuteoh.  Hath.-Verein.67  (1965)  183-202. 
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If  does  not  depend  on  k  we  write  simply  V^.  Thus  q  *  (P^)q, 

and  it  should  be  noted  that  P^(G^)  “  1  always. 

From  the  definitions  above,  the  following  results  are  immediate. 

(a)  If  the  positions  of  the  elements  of  $j€G  are  all  different  from 
those  of  *2eG»  then  if  and  only  if  j*P^  j  exists 

and  P(*1u«2)  “  P(«1)*P(*2)' 


(b)  VQ(  ^ v#y. 

(c)  If  V  is  stationary,  so  is  V 


Qc>‘ 


(d)  If  every  c.  >  0,  then  the  existence  of  (Lc.V.)_  is  equivalent 
l  1  1  1  *<(  ) 

to  the  existence  of  every  (V.)n  ,  and  (Lc.V,)n  *  £.c.(V  )_ 

1  Q(  )  1  1  1  Q(  )  1  1  1  Q(  ) 


From  (a)  we  obtain 

(e)  Let  A,  S  be  finite  measures  on  for  which  A*B  is  meaningful. 

Then  (A*B)_  »  An  *B_  in  the  sense  that  the  existence  of  one 

Q(  )  Q(  )  Q(  > 

side  implies  the  existence  of  the  other  and  equality. 

From  (a),  (b)  and  (e)  we  obtain 

(f)  Pq  is  a  stationary  infinitely  divisible  distribution  if  P  is. 

We  retain  the  notation  E^  g  for  2.^0  s  even  if  S  is  not  sta¬ 

tionary.  From  (d)  and  (e)  follows 

(g)  If  E  exists,  then  (E  c)  ■  E.  c  in  the  sense  that  the 

i,S  X,S  Q(  ,  »,SQ(  ) 

existence  of  one  side  implies  the  existence  of  the  other. 

The  main  result  of  this  chapter  is 


Then  P, 


6.1.  Let  P  be  a  stationary  infinitely  divisible  distribution  on  M^. 

P  exists  if  and  only  if  (P)ft  exists  and  satisfies  condition 

Q(  )  q(  ) 


(r)  of  4.4.  For  all  XeM^,  such  that  $4x  we  have 


(X)  -  (P)r 
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Proof:  We  proceed  in  several  steps. 

(1*)  An  analysis  of  Its  proof  shows  that  the  assertion  4.4  also  holds 
for  non-stationary  iufinltely  divisible  distributions  V.  The  mea¬ 
sures  V  thereby  satisfy  requirements  (8)  and  (y)  of  4.4.  We  have 
always  that  V($n({x)*K)jl$)  -  0.  Also  in  the  non-stationary  case 
equation  (*)  holds  as  well  as  the  correspondingly  modified  assertion 

4.5. 

(2°)  For  all  bounded  intervals  I,  #  $n(IxK)  gives  a  measurable  map¬ 
ping  of  Mj.  into  itself.  Every  measure  V  is  carried  by  this  map¬ 
ping  into  a  measure  ^V.  V  Is  Infinitely  divisible  if  V  is,  and 
for  all  XeM^  such  that  $4X  we  have  (^V)(X)  *  j.(V)(X).  Clearly 
the  measure  is  always  finite. 

(3°)  We  now  make  the  additional  assumption  that  there  exists  a  >  0  with 
the  property 


Q(k){*  £  (<-a,a)*K)}  -  1  (k  £  K). 


Then  every  infinitely  divisible  V  satisfies  V^)  “  V(Gp  ■  0. 

•s* 

Moreover,  it  now  follows  from  the  existence  of  (V) .  that  this 

) 

measure  also  satisfies  condition  (y)  of  4.4. 

Suppose  r  <  s.  Set  I  ■  (r-a,s+a).  From  4.5,  jP  has  the  form  g 
I  _1 rJ 

with  X  »  S  *  X  jP.  According  to  (g) ,  the  existence  of  (jP)  is 


(  ) 
Under  our 


equivalent  to  the  existence  of  (L.P)0  ,  and  (TP)n  ■  E  „ 

1  Q(  )  1  Q(  )  X,SQ(  > 

assumptions,  the  existence  of  P_  is  equivalent  to  the  existence  of 

Q<  ) 

(TP)  .  The  corresponding  result  holds  for  (P)  .  Hence  the  existence 

A  )  Q(  ) 

statement  of  6.1  is  deduced. 

From  (TP)„  ■  E,  c  it  follows  that 

1  V  >  >>SQ() 


<lp>q 


(  ) 


X,s  (  |***> 

Q( ) 
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1  .e . , 


<(TP)n  )(  )  -  (lP)n  ((  )  n  *  4  +). 


Ue  deduce  from  this  that  for  all  measurable  X  with  the  property  that 

f«TP>0  J)(x)  -  (fP)n  (X). 

1  q(  )  1  Q(  ) 

The  remainder  of  the  proposition  follows  from  the  fact  that  for  all 


H  ■  {$:  aO&nd^xr))  »  m, , . . .  ,N($n(I  xL  ))  *  m  } 

l  i  i  n  n  n 

with  [m, ,...,n  ]  V  [0,...,0],  L,,...,L  c  K'  and  I. . I  c  (r,s),  both 

in  in  in 

'((TP).-,  )<H)  -rPTJ  (H)  and  (fp)  (H)  -  <P)n  (H)  hold. 

1  Q(  )  Q(  )  1  Q(  )  Q(  ) 

(4e)  Let  j  be  arbitrary.  Then  for  every  I  *  (-n,n),  ^  = 

j(Q(  j)  satisfies  the  additional  assumption  used  in  (3°).  For  no¬ 
tations!  convenience  here  in  (4°),  we  use  I  to  denote  only  inter¬ 


vals  of  the  form  (-n,n) . 

Assume  now  that  P  exists.  Then  a  fortiori  every  P 

)  IQ(  ) 

hence  so  does  (P)  .  For  every 

IQ<  ) 

Y  -  { 4> :  N(J.xl.)  2  m,,...,H(J  «l  )  2  m  } 

ii  i  n  n  n 


exists  and 


with  [m. ,m  ]  4  [0 . 0],  P  (Y)  Increases  monotonically  to  Pft  (Y) 

1  "  IQ<  )  q(  ) 

(n  ■+  «°) .  Hence  P  n  *•»  P_  as  n  -*•  ».  From  the  continuity  assertion 

~  _ _ t 

given  in  II  under  4.5,  each  fP  n  (Y)  -  (P)  (Y)  converges  to  fP_  (Y). 

I^(  )  IQ(  )  Q(  ) 

Let  be  the  analogue  of  with  respect  to  the  cluster  distribution 

y  Each  P(jC^)  increases  monotonically  to  P(G^).  Since  P(jGj)  ■  0 

for  all  n,  P(G^)  -  0  also.  Now  if  P^)  >0,  we  cannot  have 

(P)  (N(,tn(JxK'))  *  m)  converging  uniformly  in  I  to  zero  as  m  -*•  «. 

) 

Hence  the  existence  of  (P)n 


is  established. 
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_ _ I 

For  all  Y,  '(P)  -  (Y)  increases  monotonically  to  (P)^  (Y). 

)  Q(  ) 

Therefore  (P)  _  (X)  -  Pn  (X)  for  all  XeM^r  with  the  property  $eX.  In 

Z(  )  Q(  )  * 

particular,  (P)n  satisfies  condition  (y)  of  4.4. 

Q<  ) 

(5°)  Conversely,  we  now  assume  that  (P) ,  exists  and  satisfies  con- 

Q(  > 

dition  (y)  of  4.4.  Then  the  same  is  true  for  (P)  _  .  Hence 

IQ<  ) 

P  n  exists  also.  Let  V  be  the  infinitely  divisible  distri¬ 

ct  ) 

bution  corresponding  to  (P)n  ((  )n$*$).  For  all  Y  (P)  _  (Y) 

)  C(  ) 

Increase  monotonically  to  (P)_  (Y)  as  n  -*■  °°.  By  the  continuity 

Q(  ) 

assertion  already  used  in  (4e)  we  see  that  P  converges  weakly 

1Q(  ) 

to  V  as  n  “.  The  existence  of  P  follows  from  the  same 

Q<  > 

results  used  in  (4°)  to  show  the  existence  of  (P)n  .  The  second 

Q<  ) 

statement  of  6.1  has  already  been  proved  in  (4°).  Thus  the  proof  of 
6.1  is  complete. 


In  general,  (P)_  ({$})  >  0,  so  the  equation  in  6.1  cannot  hold  for  all 

Q<  ) 

measurable  X.  The  restriction  $<X  is  superfluous  if  m  1  for  all 

kcK. 

From  6.1  and  the  easily  determined  structure  of  P^  there  follows  as  a 
special  case  the  structural  assertion  for  ^P.  .  derived  towards  the  end  of 

A 

Chapter  5. 

Also  from  6.1,  we  obtain  the  following  sharpening  of  the  second  invariance 
property  of  P^  given  in  Chapter  3: 


6.2.  Let  P  be  the  distribution  of  an  independently  marked  stationary 

Poisson  process.  If  Q..  .(N(Y)»1)  ■  1  for  all  keK,  then  Prt  exists  and 

W  Q(  ) 
is  also  the  distribution  of  an  independently  marked  stationary  Poisson  process. 


We  have  already  used  6.2  after  4.1  to  prove  that  P.  n  •  P 

*  A , 


7.  Palm  distributions  In  a  generalized  sense 

Let  denote  the  class  of  those  measures  on  stationary  with 

respect  to  T£  and  satisfying  condition  (y)  of  4.4.  Although  any  QeS^ 
need  not  be  finite,  a  substantial  part  of  the  remarks  in  Chapter  2  remain  valid 
for  such  measures. 

In  contrast  to  Chapter  2,  we  will  not  distinguish  here  any  LeK,  i.e.  we 
develop  ideas  in  this  chapter  only  for  the  special  case  L*K.  Accordingly,  the 
intensity  pA  of  QeS^  will  always  be  understood  to  be  the  integral 
/N($n((0,l)xR))Q(d$).  For  0  <  we  can  then  introduce  Qp,  the  Palm 

distribution  of  Q,  by 

II ({x:  0<x<l,  ({x}xK)n4>*(|>,  Tx*eS})Q(d$) 

for  SeM^.  Qq  is  always  a  distribute  n  .n  and  in  the  case  where 

Q(M'k)  ■  1,  Q<{ <|> } )  -  0,  it  coincides  with  the  Palm  distribution  (with  respect 

to  K)  introduced  in  Chapter  2. 

Set  M*k  »  {«:  ♦eMj,, ({0}xK)n$*$} ,  ■  M^nM^.  Every  Palm  distribution 

Qp  can  be  regarded  as  a  distribution  on  M®^. 

The  following  formulae  for  computations  clearly  hold. 

7.1.  Let  Q  - 

Q0  ”  ^ipQ^^i^0* 

7.2.  For  all  positive  a  end  all  QeS^,  such  that  0  <  <  “, 

(oQ)0  -  Q0. 

7.3.  For  all  QeS^.  such  that  0  <  p^  <  ®,  (Q((  )n$*$))p  -  Qp. 


with  Q,  Q^S^,,  0  <  pQ^ 


By  7.2  Pp  can  take  any  positive  value  for  a  given  Palm  distribution  Qq. 
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Let  be  the  set  of  all  QeS^  such  that  Q({<f>})  ■  0.  From  the  results 

of  Chapter  I  of  [30],  we  then  have  the  following  inversion  formula: 


7.4.  For  all  QeW^,  with  finite  positive  intensity,  all  SeM^  and  all 
non-empty  bounded  open  intervals  I  =  (a, 8), 

r6 


Q(S  n  ($n  (lxK)*4>))  -  p, 


i  r 


kg(T_T$)dT 


jmax(a,e-x0($)) 


Q0(d*) 


where  Xq(4>)  *  “  when  no  element  in  $  has  its  position  in  (0,®). 


Each  QeW^  such  that  0  <  Pq  <  «  is  thus  uniquely  determined  by  Pq 
and  Qq. 

We  denote  by  -*•  the  type  of  convergence  in  introduced  in  II  follow¬ 

ing  4.5.  If  Q  as  well  as  all  the  Qn'8  are  distributions,  then  Qn  ■+■  Q 
(n  -*•  «)  is  equivalent  to  Qn  Q  (n  -*■<*>) . 

The  transformation  from  Q  to  Qq  is  continuous  in  the  following  sense 
(cf.  [29]). 


7.5.  Suppose  Q,  QncMj(  with  0  <  Pq,  Pq  <  »  (n  ■  1,2,...),  and 

p  -*■  pQ  (n  ->  ®) .  Then  •*  Q  (n  ■+  »)  is  equivalent  to  (Qq)q  Qq 
ti  ^  1 

(n  -*■  ®). 

Let  W\  denote  the  set  of  all  QeW^  such  that  Q(*fM'g)  »  0.  For  all 
QcW  ^  with  0  <  Pq  <  «  the  inversion  formula  2.7  is  valid.  In  [30],  the 
following  generalization  of  2.9  is  proved: 


The  proof  of  2.7  given  in  I  contains  a  gap:  both  sides  of  (5)  there  may  be 
infinite.  In  the  proof  of  2.7  however,  we  may  restrict  attention  to  such  S 
for  which  #eS  always  implies  yo(*)"y_i($)  *  cs  with  cg  <  «.  Then 
fi/yo  ks(Tt*)dT]p<d*)  s  cs. 
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0  8 

7.6.  A  distribution  P  on  M  ^  is  the  Palm  distribution  of  some  QeW  ^ 

with  0  <  p  <  -  •£/  and  anZi/  •£/  P(M'  )  -  1  and  tfce  restriction  of  ?  to 
M°„nM'  is  invariant  with  respect  to  0. 


Let  Wr^  denote  the  set  of  all  QeW^  with  the  property  Q(*  is  infinite) 
■  0.  The  Palm  distributions  of  measures  in  Wr^  can  also  be  characterized  by 
symmetry  properties  (cf.  [30]). 

We  denote  the  set  of  all  finite  $  in  M°K  by  MrR.  Each  4eMrK  13  of 

the  form  $  *  { [z, ,k, ] . . ,  [z  ,k  ])  with  z.  <  ...  <  z  .  We  define  a  shift 
i.  i  n  n  1  n 

x 

operator  y  on  M  ^  by 


y( [z^.kj] ) . . . i } 


T  ♦  if  z.  ■  0  and  i  <  n, 

zi+r‘i  1 

T  $  if  z  »  0. 

*1 


Then  we  have 

7.7.  A  distribution  P  on  U° ^  is  the  Palm  distribution  of  some  QeW1^ 
with  0  <  Pq  <  «  if  and  only  if  P(*  is  finite)  •  1  and  the  restriction  of 
P  to  WF£  is  invariant  with  respect  to  y. 


7.6  and  7.7  give  us  a  general  view  of  the  class  of  all  Palm  distributions 
of  measures  in  since,  as  we  saw  in  Chapter  5,  every  QeW^  is  uniquely 

expressible  in  the  form  Q  ■  Qj-H^  w*th  »  ^2^ K’ 

We  now  Introduce  a  simple  class  of  Palm  distributions.  Let  F  be  a  left- 
continuous  distribution  function  of  a  positive  (possibly  infinite)  random  var¬ 
iable.  Thus  we  require  F(0+0)  *  0  but  allow  F(")  <  1.  Let  (£j) <j<— 
be  a  doubly  infinite  sequence  of  independent  positive  random  variables  with 
distribution  F.  If  F(«>)  *  1  then  with  probability  1  all  t^'s  are  finite 
so  that  we  can  form  the  point  process  (as  under  2.9  in  I) 


-(S_n+... 


+?_!> » 


Of  CqI  •*•}* 


24 


However,  if  F(»)  <  1,  then  with  probability  one  there  exists  a  least  non¬ 
negative  index  n,  such  that  £  *  ®,  and  a  greatest  negative  index  n- 

1  nl 

such  that  £  •  «*.  We  then  consider  the  point  process 


{-(sn  _1+***+£:_1),  <_v  0.  £q>  •••>  ^o+”*+cni-l)}* 

Thus  with  every  F  we  have  associated  a  distribution  Hp  on  M° .  On  account 
of  7.6  and  7.7  every  is  a  Palm  distribution  of  a  measure  Q  on  W.  If 
F(®)  <  1  then  QeUr;  otherwise  QeW3.  Q  is  finite  if  and  only  if 
/gXdF(x)  <  ®.  In  this  case,  we  can  set  Q  *  Pp.  For  F(®)  *  1  and 
JqX dF(x)  ■  ®,  Q  is  an  element  of  the  family^  of  measures  Qp  given  in  II 
under  5.1 . 


8.  The  distributions  (P)Q 

From  now  on  we  again  assume  that  condition  (a)  of  Chapter  4  holds.  Then 
by  4.4  we  have  an  invertible  one-one  mapping  of  W ^  onto  the  class  of 

stationary  infinitely  divisible  distributions  on  M^.  Here  the  classes  Wr^ 
(W8^)  correspond  to  the  regular  (resp.  singular)  infinitely  divisible  P  in 

UK* 

By  simple  computation,  we  have  (cf.  [29]) 

8.1.  p  -  p~  whenever  0  <  p„  <  ®. 

P  P  r 

^ * 

Thus  in  the  case  0  <  pp  <  «,  we  can  form  (P)q  as  well  as  Pq.  Because 
of  4.4  and  7.4  each  PeU^  with  finite  positive  intensity  is  uniquely 

2 

Note  that  Qp  was  uniquely  determined  only  up  to  a  positive  constant 
multiplier. 
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determined  by  pp  and  (P)q.  For  a  given  (P)q,  Pp  can  assume  any  positive 
value.  From  7.5  and  the  remarks  in  II  following  4.5,  we  obtain 

8.2.  Let  P,  with  0  <  pp,  pp  <  «  (n  -  1,2,...)  and  suppose 

n  mt  I* 

pp  pp  (n  -*•  «) .  Then  Pq  -o  P  is  equivalent  to  (Pn)Q  (P)q* 
n 

For  P  ■  E.  c  with  X  >  0,  0  <  p„  <  «,  we  find  by  computation  that 

A  b 

pp  -  Apg,  (P)Q  -  SQ,  PQ  -  P*(P)Q.  Thus  if  F(«)  -  1  and  /gXdF(x)  <  », 

then  the  class  of  those  P  in  U  such  that  (P)q  ■  Hp  is  precisely  the  set 

of  E.  with  X  >  0.  On  the  other  hand,  we  do  not  know  any  simple  repre- 
*  F 

sentation  of  the  singular  Infinitely  divisible  PcU  such  that  (P)q  ■  Hp 
for  F(®)  -  1,  /“xdF(x)  <  «. 

For  all  PeO^  with  finite  positive  intensity  we  have  by  4.7  the  relation 
n  °/P  -*■  P  (n  •+  «•) ,  and  hence  using  7 . 5  we  have  the  convergence 

8.3.  (Vp)0  =*•  (P)0  as  n  -*•  ». 

How  let  P  be  any  distribution  in  with  0  <  pp  <  •.  Then  because  of 
4.7  and  8.2  we  have  the  relation  (Eq  0^)q  PQ  as  n  However, 

(Eq  n>/p)0  ■  (En  n^p)*(n/P)Q,  and  here  the  first  factor  converges  to  P  and 
the  second  to  (P)Q.  Using  1.3  we  obtain 

8.4.  For  all  PcU^  such  that  0  <  pp  <  », 

P0  -  P  *  (P)0. 

Now  let  PcUg  be  regular  infinitely  divisible  and  distinct  from  6^. 

Then  by  5.4,  P  -  P^  ^  with  X  >  0  and  Q(M*R)  •  1,  whence 

PP  -  P~  -  X/ N<40Q(df). 

P 

For  the  time  being,  we  make  the  additional  assumption  that  Q(H(Y)«n)  ■  1. 
Let  r  be  a  random  variable  with  p(r*i)  -  1/n  (i  •  l,...,n)  Independent  of 
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Che  marked  point  process  V  with  distribution  Q.  With  probability  one  each 
Y  is  of  the  form 

Y  -  { £ z_ ,k, [z  ,k  ]}  with  0  «  z.  <  ...  <  z  . 

ii  n  n  i  u 

Now  let  Q+  denote  the  distribution  of  ^^Y .  Then  (fP^  p)Q  *  Q+.  In 

particular,  for  A  >  0,  (P^)g  precisely  6{0>‘ 

We  now  turn  to  the  weaker  restriction  0  <  pp  <  «®.  Then 

PA,Q  *  k  Q<f=n)PA,Q(  | Y=n)  “d  hence 

8.5.  -  </N(Y)Q(dY))"1  ^  nQ(N(Y)-n)(Q(  |N(Y)«n))+, 
where  the  summation  ie  taken  over  all  n  such  that  Q(N(Y)«n)  >  0. 

We  already  know  that  any  PeO  such  that  (P)g  “  Hp  for  F(“)  <  1  is 
regular  infinitely  divisible,  and  accordingly  all  such  P  are  of  the  form 
P.  A.  Clearly  Q  is  uniquely  determined  by  F  if  we  require  Q(M*>  ■  1. 

A 

On  the  other  hand  A  may  take  any  positive  value.  From  8.5  the  form  of  Q 
is  easily  obtained: 

8.6.  Q  ie  the  distribution  of  {0, (5-+...+C  ,)>. 

u  u 

Equation  8.4  is  easily  Interpreted  for  P  regular  infinitely  divisible. 
We  see  that  it  can  even  be  used  as  a  characterization  of  infinite  divisibility, 
viz.  (cf.  [30])  we  have 

8.7.  If  for  a  stationary  distribution  P  on  Mg  with  0  <  pp  <  ® 

there  exists  a  distribution  H  on  such  that  PQ  ■  P*H,  then  PeU^  and 

H  -  (P)q*  particular  a  stationary  distribution  P  on  M  such  that 

0  <  pp  <  »  is  of  the  form  P^  if  and  only  if  PQ  -  P*6^qj. 
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The  particular  case  la  8.7  has  already  been  given  by  Slivnyak  [18]. 


9.  Generalization  of  a  result  of  Palm  and  KhlncMn 


An  array  (P  ,)  (1  s  i  s  s  ;  n  <■  1,2,...)  of  stationary  distributions 

u»l  U 

on  Mg  is  called  infinitesimal  if  it  satisfies  condition  (2)  at  the  beginning 
of  Chapter  4.  From  4.6  and  8.2  we  have 

9.1.  Let  (P  . )  be  an  infinitesimal  cavay  of  stationary  distributions 

on  M„  with  finite  positive  intensities  p  , .  If  there  exists  a  distri- 

*  a  n»1 

bution  P  such  that  0  <  p_  <  »,  7“  p  .  — >  p_  (n  -*•  •)  and 

r  1”1  n,l  F  B  B 

F  p*uk  Q./C'.AA1 


Given 


(P_  ,*...*P  _)  -»  P,  0  <  p_  <  •,  and  7.“,  p  .  •+■  p  as 

U|i  n,8  r  n,i 


it  does  not  necessarily  follow  that  p  -  p_.  For  exaaple,  if  (P  .)  satis- 

*  Q|1 

fies  all  the  assumptions  of  9.1,  then  the  array  formed  by  adding  P  .  . -  ■ 

n,» 

n 

E  .  (X  >  0)  is  also  infinitesimal  and  (P  *...*?  ..)  — »  P 

“  ,PpA  s  +1.  *»l  n,"n+1 

(n  -*■  •).  However,  pn  i  pp+*  (»♦•).  In  general,  we  may  conclude 

from  0  <  p  .  <  <*  and  (P  )  -o  P  only  that 

n,i  ^  n,l  n,*n 

Pp  s  tin  xw<ulm  PQ  However,  under  the  assusptions  of  9.1,  (?n  j)  is 

infinitesimal  in  a  stronger  sense: 


9.2.  If  (PQ  t)  satisfies  all  the  assumptions  of  9.1,  then 


"“lsis.  pn,i  +  0  (n"“)- 

a 


Proof.  Suppose  that  the  maximum  -{-»  0  (n  -*■  «).  Then  without  loss  of 

generality,  we  can  assume  that  p  .  i  c  >  0  for  all  n.  Then  since 

n»  i 
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<F«,2*—*P»,s11>  ^l-l  Vi  S  VC' 

tradlction. 

A  sharper  converse  of  9.1  is 


which  is  a  con- 


9.3.  Let  (P  .)  be  an  infinitesimal  array  of  stationary  distributions 
n,i 

on  My  with  finite  positive  intensities .  Suppose  that  pn  i  p 

R  3  ,  s 

(n  -*•  «)  where  0  <  p  <  »  and  that  <X±“1Pn^i>  ^i.ipn>i^n,i;0^  X 

(n  -*•  «).  Then  (P  ,*...*P  >  converges  weakly  to  some  P  with  intensity 

n,l  n,8n 

p  as  n  ■*  ®. 


The  proof  follows  from  4.6,  8.2  and  the  following  lemma. 


9.4.  The  class  of  all  Palm  distributions  of  measures  on  with  finite 
positive  intensities  is  closed  under  weak  convergence. 

Proof.  Let  a  sequence  Pq  of  Palm  distributions  converge  weakly  to  a 
distribution  X.  With  each  Pq  we  associate  the  corresponding  Q^W^,  with 
intensity  1.  Because  of  8.2,  it  is  sufficient  to  show  that  Qr  converges  to 
some  QeW^  with  intensity  1. 

By  a  formal  application  of  the  inversion  formula  7.4  we  define  for  all  S 

in  the  o-ring  .  R  defined  following  4.4 

^  —  — * 


uQ(S) 


1  f 


ks(T_T4-)dT 


X(d$), 


max  (-k  »k-XQ (♦ ) ) 

thus  obtaining  a  finite  measure  on  kR. 

For  c  (-k.k),  Lx . e  K,  and  [n^ . ■{!  ^  (0 . 0], 


let 


S  -  {♦:  Ji^nCJj^))  s  m1,...,N($n(J£xL^))  2  m^>. 


Then  the  \ounded  integrand  in  square  brackets,  is  in  a  certain  defined  sense  (see 
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[29])  continuous  almost  everywhere  with  respect  to  X.  Thus,  for  all  S  of 
the  form  specified,  (^(S)  ^(S)  (n  ■*  »). 

From  this  it  follows  that  Is  always  an  extension  of  ^Q.  Therefore 

since  (a)  holds,  there  exists  a  common  extension  of  every  to  a  measure  Q 

on  Mg  such  that  Q({$})  ■  0.  On  the  basis  of  the  definition  of  ^Q,  Q  also 
satisfies  condition  ( y )  of  4.4. 

The  convergence  statement  given  above  can  now  be  put  in  the  form  -*•  Q 

(n  -►  «).  Therefore  Q  is  also  stationary  and  hence  in  Wg.  Clearly 
o  <  Pq  s  l.  How 


X(d$) 


1. 


tun  7  Q($n((0,t)xK)  +  *)  -  tim  7  f  P  dr 

t  +  °  *  +  °  jL(t-x>)+  J 

If  we  had  used  here  the  representation  7.4  for  Q,  then  the  right-hand  term 


would  have  been  Pq.l*  Hence  Pq  -  1,  and  the  proof  of  9.4  is  complete. 


Clearly  a  sequence  of  Palm  distributions  Y^  of  distributions  in  W 
converges  to  (P^)q  ■  (1  >  0)  If  and  only  if  for  all  t  >  0  the  se¬ 

quence  of  distribution  functions  F  of  xn($)  induced  by  Y  converges  to 

nun 

zero.  If  we  note  that  to  a  mixture  of  Palm  distributions  there  is  a  corre¬ 
sponding  mixture  of  distribution  functions  of  Xq($),  then  we  obtain  from 
9.1  and  9.3  the  sharper  form  derived  in  [23]  of  the  result  of  Palm  and 
Khinchln  on  convergence  to  (proved  in  [4]): 


9.5.  Let  (P  .)  be  an  infinitesimal  array  of  stationary  distributions 
11,1  s 

on  M  with  finite  positive  intensities  pn  Suppose  IJJjPq  ^  X 
(n  -*■  *),  0  <  X  <  ®.  Then  the  convergence  (P  ,*...*P  )  -»  P.  is 

Oil  n*8—  A 

n 

equivalent  to 
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l  P.  i  J  j  (t)  -*•  0  for 
n,i  n,i 


all  t  >  0, 


where  Fq  ^  is  the  distribution  function  of  xQ($)  induced  by  (P^  i>Q 
(of.  2.7  of  17. 


10.  Limit  distributions  for  infinitesimal  arrays  of  stationary 

renewal  processes 

Let  G  denote  the  class  of  all  left-continuous  distribution  functions  G 
of  non-negative  (possibly  infinite)  random  variables.  We  have  G(0)  *  0 
always,  but  it  is  not  necessary  that  either  G(0+0)  *  0  or  G(°»)  »  1.  Write 
Gn  =$■  G  (n  -*■  ")  if  for  all  continuity  points  t  of  G,  Gn(t)  G(t) 

(n  -*•  “). 

Let  F  denote  the  class  of  all  Fe<?  such  that  F(0+0)  »  0.  In  Chapter 
7,  we  established  a  one-one  correspondence  between  each  FcF  and  certain  dis¬ 
tributions  Hj,  on  M* .  The  convergence  just  defined  for  distribution  func¬ 
tions  corresponds  to  weak  convergence  of  the  corresponding  distributions  on 
M* : 


10.1.  For  a  sequence  of  distributions  F  eF,  H_  =*>  X  (n  -*■  ®)  if  and 

n  r 

n 

only  if  F^  =>  F  (n  -*•  “)  for  some  FcF  and  also  X  -  H^. 

The  proof  follows  from  the  simple  lemma  10.2  below. 

Each  <PeM®  has  the  form  (cf.  1.1  of  I)  {x.}  ,  ,  where  x  ,  ■  0. 

l  -jn-l<i<n  -1 

Let  dj  denote  the  "lifetimes"  Xj+^-x^.  Then  4>€M°  is  slso  uniquely  de¬ 
termined  by  (d .)  Write  the  event 

j  — m— <n— j. 
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“0-1  <  r  <  s  <  n-1,  for  r  £  i  £  s 

more  briefly  as  {d^<t^,  r£i£s).  Then  from  the  characterization  of  weak  con¬ 
vergence  derived  in  [29]  we  have  the  lemma 

10.2.  A  sequence  (Y^)  of  distributions  on  M#  converges  weekly  to  Y 
if  and  only  if  for  all  r  <  s  such  that  r  £  0  £  s  and  all  continuity  points 
[tr,...,ts]  of  Ytdi<ti,  r£i£s>,  YQ{dj<t^,  r£iss)  -*•  Y{dj<t^,  r£i£s>  (n  •♦■<»). 

With  the  aid  of  9.1,  9.3  and  10.1  we  may  summarize  the  limiting  behaviour 

of  Infinitesimal  arrays  (Pq  with  constant  "rows"  (Pr  Isiss  of  8ta“ 

t ionary  renewal  distributions.  We  note  here  the  relation  derived  under  2.9 

of  I  that  (pp  )-1  -A F  -  /q  xdF(x). 

F 

10.3.  Let  (Fq)  be  a  sequence  of  elements  of  F  such  that  Fn(”)  "  1* 

Ap  <  AF  -*•  <*>  (n  -*■<*>) .  Further t  let  (S  )  be  a  given  sequence  of  non- 

n  Q  m 

negative  integers  such  that  S  (A_  )~  ;  S  p.  +  p  (n  *),  0  <  p  <  °.  Then 

S  n  Fn  n  Fn 

(P_  )  =>  P  (n  -*■  “)  is  equivalent  to  F  F  (n  -*•  ®),  FeF,  pD  ■  p, 

*  n  r 

and  (P)Q  -  Hp. 

The  F  appearing  in  10.3  may  be  any  element  of  F  on  account  of 


10.4.  To  every  FeF  there  exists  a  sequence  (Fn)  in  F  such  that 

Fn-  F  (n  -*•  ®),  Fn<-)  -  1,  Ap  <  -,  AF  - 

n  n 

Proof.  Suppose  FeF  and  F(tg)  ■  1.  Set 


Fn(t) 


(1  -  h  F(t)  for  t  £  t  , 
n  n 

1  for  t  >  t  , 

Ti 


2 

where  t  is  chosen  sufficiently  large  so  that  A_  >  n  (e.g.  t  ■  n  ).  If, 
n  r  n 

n 

on  the  other  hand,  FeF  has  F(t)  <  1  for  all  0  <  t  <  «,  then  aet 


F(t) 
F(n) 
.  1 
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FQ(t)  - 


t  s  n 
n  <  t  £  t 

n 

tn<  1 


where  t  Is  chosen  sufficiently  large  so  that  Ay  >  n  (and  hence  tR  >  n) . 

n 

This  choice  of  F  suffices  to  prove  the  assertion  of  10.4. 


The  examination  of  arbitrary  infinitesimal  arrays  of  stationary  renewal 
distributions  P„  requires  some  preliminaries. 

Vi 

First  we  recall  the  concept  of  weak  convergence  of  distributions  (cf. 

[31],  [32]).  Let  E  be  a  complete  separable  metric  space  and  E  the  o-fleld 
of  Borel  sets  of  E.  A  sequence  (PQ)  of  distributions  on  E  converges 
weakly  to  a  distribution  P  if  fid Pq  -*•  / fdP  (n  -*■  »)  for  all  bounded  con¬ 
tinuous  real  functions  f  on  E.  Thus  weak  convergence  depends  only  on  the 
topology  in  E.  From  Pq  =»  P  (n  -*■  “)  follows  the  "pointwise"  convergence 

P  (L)  -*■  P(L)  for  all  continuity  sets  relative  to  P,  i.e.,  for  those  sets 
n 

LtE  whose  boundaries  have  zero  probability  relative  to  P.  We  can  always  in¬ 
troduce  on  the  class  of  all  distributions  on  E  a  metric  with  respect  to  which 
this  becomes  a  complete  separable  metric  space  in  which  the  metric  convergence 
coincides  with  the  weak  convergence  introduced  above. 

For  E  -  [0,«]  the  distributions  on  E  are  in  one-one  correspondence 
with  the  distributions  in  G  whereby  weak  convergence  corresponds  to  the  con¬ 
vergence  Gn  =*  G  (n  ®).  Hence  there  exists  in  G  a  metric  with  the  prop¬ 
erties  given  above.  Because  of  the  compactness  of  E,  G  is  also  compact. 

We  denote  by  G  the  family  of  Borel  sets  of  G.  It  is  generated  by  the  sets 
{G:  G(t)<c). 

Clearly  all  of  HJ>{d^<ti,  rsifis}  and  hence  all  Hp(S)  (SeM®)  depend 
measurably  (with  respect  to  G)  on  F,  so  that  we  can  for,  che  mixture 
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JpHjX  )q(dF)  for  all  distributions  q  on  6  such  that  q(F)  -  1.  Then  we 
have 


10.5.  q  is  uniquely  detemined  by  Jp  Hy(  )  q(dF). 

Proof.  Let  h  be  a  function  on  3  of  the  form  h(G)  ■  G(tv>. 

Here  we  may  choose  for  (tv)  an  arbitrary  finite  sequence  of  positive  numbers . 
Then 

J  h(F)  q(dF)  -  |  Hy{d^_2  <  t±  for  1  5  1  S  b}  q(dF). 

The  expected  value  of  h  with  respect  to  q  can  therefore  be  expressed  by 
means  of  / pHpq (dF) . 

We  now  consider  functions  f(G)  “  11?  .(/q*  O(t)dT)  where  (tj)  Is  once 
more  an  arbitrary  finite  sequence  of  positive  numbers.  Each  f  is  the  uni¬ 
form  limit  of  a  sequence  of  linear  combinations  of  functions  h.  Hence 
/p  f (F)q(dF)  Is  also  uniquely  determined  by  /p  Hpq(dF). 

The  same  Is  also  true  for  all  finite  linear  combinations 
g  -  aQ+I^.20>k£k*  The  c^ass  of  all  such  g  forms  a  sub-algebra  of  the  algebra 
of  all  continuous  real  functions  on  G.  Clearly  this  sub-algebra  separates 
points  In  G,  l.e.,  4  implies  the  existence  of  some  g  such  that 

g(G^)  4  g(G2).  By  the  Stone-Weierstrass  theorem  (see  e.g.  [33]  p.  47),  every 
continuous  real  function  on  G  is  the  uniform  limit  of  a  sequence  (g^) . 

Thus  we  see  that  the  integral  with  respect  to  q  of  each  continuous  real 
function  on  G  is  uniquely  determined  by  /pHpq(dF).  Hence  our  proposition 
10.5  follows. 

The  transformation  from  q  to  Jp Hpq(dF)  is  continuous  in  the  following 


sense: 
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10.6.  Let  (q^)  be  a  sequence  of  distributions  on  G  such  that  qn(F) 
■  1  (n  ■  1,2,...).  Then  /p  qn(dF)  =>  X  (n  -*•  »)  is  equivalent  to  qR 
■=>  q  (n  -*•  »),  q(F)  -  1,  X  -  Jp  HFq(dF). 


Proof.  Suppose  q^  q,  q(F)  ■  1.  Choose  a  finite  sequence  of  bounded 
open  intervals  1^  ■  (a^b^)  (i  ■  l,...,m)  such  that 

If  HF(*n{a1 . &m,  b^, . . .  ,bm>*$)  q(dF)  -  0.  Then,  relative  to  q, 

. . . ,am,  b^, . . . .b^}*^)  ■  0  for  almost  all  F.  Hence  by  10.1, 

HptN^nl  )»n  ,  lsism)  is  continuous  q-almost  everywhere.  Hence  (cf.  f 32 J 
Theorem  1.8) 


tun  lLQWnl^m^,  lsiSm)qQ(dF)  -  H^NCGnl^-n^  lsi<m)q(dF), 

i.e.,  {f  HFqn(dF)  *=>  ff  U^qidF)  (n  -*•  <*>). 

Now  suppose  that  q^  =>  q,  q(F)  <  1.  Then  it  is  impossible  that 
jf  HFqn(dF)  =>  X,  for  otherwise  by  10.2,  apart  from  a  countable  set  of  t 
values  JFHF(d_1<t)qQ(dF)  ->-X(d_1<t),  i.e.,  /pF(t)qn(dF)  -*•  X(d_L<t) .  The 

right-hand  side  converges  monotonlcally  to  zero  as  t  +  0.  On  the  other  hand, 
however, 

ILm  tun  [  F(t)  q  (dF)  S  F(0+0)  q(dF)  >  0. 

t  ♦  0  n  +  “  F  **  ■'F 


Now  suppose  JpHFqn(dF)  “»  X  (n  •+  ®).  By  the  compactness  of  G,  (qn> 
is  relatively  compact  in  the  set  of  all  distributions  on  G.  Choose  any  con¬ 
vergent  subsequence  qn  =*>  q  (m  -*■  “) .  Then  (dF)  =*  X  (m  ■*  “). 

m  m 

By  the  first  step  in  the  proof,  we  have  X  -  / pHFq(dF)  and  q(F)  ■  1. 

By  10.5,  all  convergent  subsequences  of  relatively  compact  sequences  (qR) 
have  the  same  limit,  i.e.,  qn  =»  q  (n  “)  and  q(F)  ■  1.  This  completes 
the  proof  of  10.6. 


From  9.1,  9.3  and  10.6  we  have 
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10.7.  Let  (P  .)  be  an  infinitesimal  array  of  stationary  renewal  die- 
*  8 

tributiom  such  that  [.  .  p  .  -*■  p  (0  <  p  <  «).  Then  (P_  *...*P_  ) 

1*1  n,i  F  ,  F 

n,l  n,sn 


P  (n  -*■  ®)  is  equivalent  to 


-1  8_ 


£p».i5(F  <)  —  I-  “<F)  ■  '•  pp’p-  <5)0-/F  V(dF>' 

1*1  |l*l  n,l 


We  end  this  chapter  with 


10.8.  In  10.7,  q  oan  be  any  distribution  on  G  such  that  q(F)  «  1. 
Proof.  In  the  space  of  all  distributions  on  G  fix  a  metric  with  the  prop¬ 
erties  indicated  earlier.  Moreover,  let  q  on  G  with  q(F)  *  1  be  given. 

We  now  construct  a  corresponding  array  (P  )  by  rows. 

Fn,i 

Let  n  be  any  non-negative  integer.  First  we  choose  a  mixture 
J^ja^p  j ,  F±eF,  whose  distance  to  q  is  less  than  1/n.  Here  the  coef¬ 
ficients  can  always  be  chosen  to  be  of  the  form  s±  ■  r^Vk  where  the  r^  are 
non-negative  integers  and  k  >  n.  The  proof  of  10.4  shows  that  the  F^'s  may 
be  replaced  by  distribution  functions  L^eF  such  that  L^(<*>)  *  1, 

f  00 

JgXdLjCx)  -  kr  for  a  non-negative  integer  r,  and  the  distance  from 

^•i-1  ~ rk  5{L.}  t0  **  is  ^-ess  than  1/n.  We  can  now  construct  the  nth 

row  of  the  desired  array  as  follows:  let  8  -  7®  ,r.r  .  „  ,  .. 

J  n  i,i*l  i  ,  and  set  r^r  of  the 

P  . 's  equal  to  PT  .  As  n  increases,  the  mixture  converges  to  q. 
n,i 


11.  Some  relations  between  p  and  p. 

In  what  follows  P  is  a  distribution  on  M^,  LeK  and  0  <  X(L)  <  <*>. 
Moreover,  we  assume  that  P^eM')  *  1.  We  use  the  notation  of  Chapter  2 
throughout. 
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First  we  start  from  the  footnote  following  2.3.  Let  S  be  any  set  in 


Then  with  probability  one,  the  limit 


nS  of 


t"1  N({x:  0<x<t,  ({x}xL)n$*<t>,  T^cS}) 
as  t  -*■  •  exists.  We  set  »  o  and  obtain  by  virtue  of 

P*,L(S>  ■  »  (t) 

a  distribution  L  on  ML.  The  measures  P^,  L  are  equivalent.  They 
coincide  if  and  only  if  a  equals  A(L)  almost  everywhere.  Thus,  if  P  is 
ergodic,  PL  -  P*L. 

From  the  definition  of  P*  T  we  have 

11.1.  £  P(Ty^($)4eS)  P*jL(S)  (n  -  “)  for  all  SeML. 

From  the  Ergodic  Theorem  follows  the  existence  for  almost  all  $eML 
relative  to  ?L  of  the  limit  w  of  —  ^-Q(y^($)-yi_1('t))  as  n  ■>  ®. 


T 

11.2.  ~JT>'  m  (A(h))«. 

Proof.  By  2.7 


p(Tyi(*)$cS>  *  X(L) 


r  [?o<»> 

J  jo  M1: 


yl(.)*)dl  PL<d« 


and  hence 


i  n_1- 

i  l  P<Ty 

n  i-0 


-  A(L)  |(y0(»)-y_1(4>))ks(Ty^($)$)PL(d4>) 

-  J  A(L)(y_i(«)-y_i_1(«))ks($)PL(d*) 


from  which  the  assertion  11.1  follows  by  the  ergodic  theorem. 
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From  11.2  we  see  (cf.  [18],  Theorem  5)  that 

11.3.  For  all  SeUK>  tun^  -  J*  P*  L(TT*eS)dT  -  P(S). 

For  mixing  P  we  can  deduce  a  simpler  assertion.  For  brevity,  we  denote 
by  <(>t  the  restriction  of  T  to  U^;  then  for  mixing  P  we  have  the  con¬ 
vergence  result 

11.4.  PL|*t  =*  P  <t+«). 

Proof.  Let  be  bounded  open  Intervals  and  V^,...,V£  sets  in 

K.  Set 

H  **  {$:  N(4>n(I1xv1))-n1,  ....  N($n(I^xv£))-n£}. 

By  2.4,  to  every  e  >  0  there  exists  t£  >  0  such  that  uniformly  in  t  and 
for  0  <  t  &  t  , 

|PL(4t(H))  -  P^c^ODIs^  <  x)|  <  e/3. 

If  t  is  chosen  sufficiently  small  then  for  t  sufficiently  large 
|p($Le<)>t(H)  |xl<t)  -  P(*e4t(H)|xL<x)|  <  e/3. 

On  the  other  hand,  for  large  t 

|P(k*t(B)l\<t)  -  P(*«H)|  <  e/3. 

We  can  also  sharpen  11.1  under  suitable  assumptions: 

11.5.  If  PL  is  mixing  with  respect  to  0,  then  P(Ty  ^#eS)  converges 
cub  n  •  to  P^(S)  for  all  SeML. 

The  proof  follows  from  the  equation 

P(Ty  ($)*cS)  -  X (L)  j  (y_n(*)-y_nl($))  kg(*>  PL(d»). 
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The  following  example  shows  that  the  conclusion  of  11.5  does  not  hold  for 
all  mixing  P. 

Let  and  a  be  positive  and  _oo<i«»  a  doubly-infinite  sequence 

of  independent  positive  random  variables  distributed  according  to  F(x)  * 
l-dxp(-Ax)  (x  £  0).  Let  X  denote  the  distribution  of 


{•••»  i  i  0,  a,  2a+?Q,  ...} 


and  Y  the  distribution  of 


-Oat?^),  -(2a+C_1),  -a,  0,  a+^Q,  2a+CQ,  38+Cq+Cj^,  ...)• 


By  2.9  the  mixture  %(X+Y)  is  the  Palm  distribution  of  a  distribution  P  on 
M1.  It  is  clear  that  P  is  mixing,  but  the  conclusion  of  11.5  does  not  hold. 
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